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1 Abstract 



We examine noncommutative Chern Simons theory using operator regularization. Both the 
C-function and the //-function are needed to determine one loop effects. The contributions 
to these functions coming from the two point function is evaluated. The U{N) noncommu- 
tative model smoothly reduces to the SU {N) commutative model as the noncommutative 
parameter O^i, vanishes. 



2 Introduction 

Normally, Chern Simons theory is a purely topological theory as it is metric independent 
[1-3]. However, if we consider Chern Simons theory in a noncommutative space [4,5] in which 



metric dependence inevitably arise. The consequences of the presence of 6^1^ in noncom- 
mutative Chern Simons theory have been considered in [6]. In particular, the one loop 
contribution to the two point function has been computed in [7]. 

In this paper, we would like to examine this one loop, two point function using operator 
regularization [8], a generalization of ^-function regularization [9]. The modulus and phase 
of the functional determinant associated with the effective action at one loop order are 
associated with the ^-function [8,9] and r^-function [1, 10-12] respectively. This approach has 
been used in conventional Chern Simons theory [11-15]. 

3 The (- and ry-functions 

The usual Chern Simons action is given by 



where Ai — AfT"- with being the generator of a Lie group G. If G is a unitary group 
U{N), then (2) can be generalized by converting the products occuring in (2) to Moyal 



(1) 




(2) 
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product in which [4,5] 



Ai{x)*A,{x) = e-^^^^''A,{x)A^{y) 



x=y 



(3) 



where a x b = Oijaibj. 



In order to use operator regularization to compute radiative effects, it is necessary to 
employ background field quantization [16-18]. We begin by splitting Ai into the sum of 

background and quantum fields 

Ai^Ai + Qi. (4) 



A gauge fixing Lagrangian 



Lgf = Tr {NDi{A)Q, 



is chosen so as to leave the symmetry 



(5) 



Ai^Ai + Di{A)n 



(6a) 



Qi ^ Qi - i {Qi * ^ - ^ * Qi) 



Qi - i [Qi, ft] 



(66) 



present in (2) unbroken. In (5), is a Nakanishi-Lautraup field and Di{A) is the covariant 
derivative 



D,iA)f = dJ-t[A,f]. 



(7) 



The ghost Lagrangian associated with the gauge fixing of eq. (5) and the gauge transforma- 



tion 



Ai^Ai + Di{A + Q)A 



Qi ^ Qi 



m 



IS 



^ghost = CDi{A)Di{A + Q)C. 



(9) 



From (2), (5) and (9) it is evident that the terms in the effective Lagrangian L + Lg/ + Lghost 



that are bihnear in the quantum fields are 

/ 



e,,jDf{A) -Df{A) 
^ Df{A) 
+0" (^Df{A)D^,''{A)) C^, 



(10) 



so that the one loop generating functional is given by 



W^^\A) = (indet-^/^i//) + {IndetHn) 



where Hj and Hn are the two operators in (10). As Hj is linear in derivatives, it is necessary 
to make the replacement 

In det-^/^ Hi In det'^/^Hl (12) 



(A possible loss of phase in this replacement will be considered below.) Since 



where 



eijkDj{A)DkiA)f = --eijk [Fjk, f] 



(13) 



Fjk — diAj djAi i {Ai * Aj Aj * A^) , 



(14) 



it is evident that 



(15) 



We note that 



(16) 



and this becomes, on account of the Moyal product defined in (3) 



2i 



r'^cos( 
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where p and g are the momenta of M" and A'"'' respectively. This is to be utihzed when 
employing a perturbative expansion of l^^^^(A) in powers of A. (Conventions for /"^'^ and 
d"-^" are those of [19].) 

In operator regularization, one first uses 

In detH = trhiH 



d_ 

ds 



= lim-^ (trH-') 
s-*o ds ^ ' 

1 /-oo 

/ dtf-Hre-"^ 
Jo 



^ -C'(o) 



(18) 



and then employs an expansion due to Schwinger [20] 



-Hot ^ LAe-Hotjj^ 



I du e-(^-")^°*//ie-"-^°*//i + . . . 

JO 



(19) 



to effect an expansion in powers of the background field. (Tfie dependence of H on the 
background field resides entirely in Hi.) 

It is now possible to apply (18) and (19) to compute the contribution of the two point 
function to the C, function associated with In det^^^^Hj and In detHjj. We find that 



ds 



1 



r(s) Jo 



dtf-Hr { 



( 



— - exp —t 
4 



-e- F 



cxp -t{-D' 



J 



> . 



(20) 



Employing the expansion of eq. (19) and computing functional traces in momentum space 
with [20] 



<p\f\q>^ 



fip-q) 



(27r)3/2 

we find that the contribution to the two point function coming from (20) is 



d 
ds 



1 f°° 



r s) Jo 



i-eimn) I r'fUp-Q) COS 



p X q 



^d^'TmniP - Q) Sin ^) {ersi) [f'^fU^l - P) COS 



q X p 



+d'^^f^^{q-p)sm 



. q X p 



Upon making the usual shift in momentum variables, this becomes 

Qr{s)Jo J {2T:f Jo 

f:nn{p)fU-p) {^'' - S'-'S'^COsip X q)) . 



Nd_ 
Yds 



The standard integrals [21] 



d^'k 
(27r)" 



(47rt)"/2 



(21) 



(23) 



(24a) 



Jo 



f 

Jo 



I 



J, 



v/2 



(246) 
(24c) 



can be used to reduce (23) to 



N d 



r{s) I (47r)3/2 i ^) 



(25) 



r(. + i) (K(i-n)p2)"^"'^'5'^'' 



-2 



p2 



n1 



4m(1 — M)p2 



K, 



s+l/2 



where p x q = p ■ q. It is now possible to evaluate 



ds 



in (25) explicitly, leaving us with 



(47r)3/2 



4p2 y/^ 



TT 



m(1 — M)p2 



(26) 



K,/2[Ju{l-u)p^p^]6^'6'' 



\u{l — u)p^ ) 

Since K±i/2(^) = it is possible to compute both integrals over u in (26) using [21] 



,.-1 r(a)r(6) 



r(a + 6) 

/' , e-^V"(^-") = 2 d^e-^^°^^ = 7r7o(A/2) 

•^0 ^Ju{l - u) Jo 



(27a) 
(276) 



leaving us with 



N f d^p 



fUp)fU-p) I - -fo 



aOl-60 



(28) 



In the hmit 9^"" (so that p^ ^0), Iq. ^ 
to (28). 



1 leaving only the SU (N) contribution 



We can now consider the loss of phase associated with the replacement of eq. (12). This 
phase has been discussed extensively in [1, 10-12]; it is associated with so-called jy-function, 

If a parameter A is inserted into Hi so that Hi{X = 1) = Hi, then from (29) it is easily seen 
that 

drixis) -s r ^^^s^^^fdHi{\)^_H2( 



dtt^Tr I -";v-V g-^|(A)t 



dx r (^) ^0 V 



(30) 



As only 7^(0) is required to determine the phase we are interested in, it is sufficient to compute 
the poles arising in the integral over t in (30) on account of the explicit factor of s arising in 
front of the integral. 
If now 



Hi{X) ^ 



^ eipj {dp - iX[Ap) - {di - iX[Ai) ^ 



(31) 



\^ {d,-tX[A,) 
then it is possible to expand the right side of (30) in powers of the background field using a 

second expansion due to Schwinger 



-{Ho+Hi)t 



Jo 

i-ty C duu /'dt;e-(i-")^°*i/ie-"(i-")^°* 
Jo Jo 



(32) 



Prom (15), (31) and (32), it is evident that the contribution to (30) that is bilinear in the 
background field ^4^ is (upon following the approach used above with the ^-function) 



dX 



NXs 



r(^) 



I] Jo 



dtf— 



Jo J (27r)3 



(33) 



[e,Mnp)f^i-p)) (5"' - S^'S^'cosip X q)) . 

The integrals appearing in (33) are identical in form to these in (23); just as we obtain (28) 
we find that 

dVx\^) _ NXs r dp WW . 

dX - r(^) Jo J P> 

'S-'T (£j {u{l - u)p' 



-s/2 



(34) 



aOrfeO 



-25""5' 



p2 



s/4 



Ks/2 Uu{l- U)p^p'^ 



^4ii(l — u)p^ ) 

In the limit x ^ 0, K^{x) 2''-^V{v)x-'' and thus when 6^^ Q(f 0), (34) reduces to 



dp 



r (I) {u{i - u)p^) 



-s/2 



(35) 



As in the case of the ^-function, only the SU{N) contribution to ^^a(0) survives in the 



commutative limit. 



4 Discussion 

Chern Simons theory is difficult to regulate on account of the presence of the tensor eijk- 
Operator regularization appears however to be a suitable way of dealing with this problem 
as it does not involve altering the original Lagrangian. This permits one to deal with both 
the usual commutative SU{N) Chern Simons model and as well noncommutative U{N) 
Chern Simons theory. An analysis of the one loop two point function done here has shown 

9 



that in the commutative hmit, the non-commutative U{N) model smoothly reduces to the 
commutative SU{N) model. 
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